In this paper we de ne and investigate nearly Hurewicz spaces and their star version. It is shown that a nearly Hurewicz space ts between Hurewicz and almost Hurewicz spaces. As a counter example it is shown that a particular point topology which fails to be Lindelöf, Menger, Hurewicz is a nearly Hurewicz space.
Introduction
In 1996, Scheepers restructured classical selection principles and started an e cient examination of the selection principles in topology. For selected results on selection principles, see [1] [2] [3] [4] . Various topological properties are de ned or characterized in terms of these selection principles.
Let N denote the set of positive integers, X be a topological space and A, B be collections of open covers of X:
Hurewicz space is a topological space which satis es a particular basic selection principle that generalizes σ−compactness.
A classical Hurewicz covering property U n (A, B) is: For every sequence of open covers U , U , U , ..., Un , ...of the space X by elements of A, there exist nite sets F ⊂ U , F ⊂ U , F ⊂ U , ..., Fn ⊂ Un , ... such that for each x ∈ X, x belongs to all but nitely many ∪F , ∪F , ∪F , ,...,∪Fn , .... This property of topological spaces was introduced by Witold Hurewicz [5] in the year 1926. As a consequence Bonanzinga et al. in 2004 in [6] introduced two star versions of the Hurewicz property as follows:
SH: A space X satis es the star-Hurewicz property U * n (A, B) if for each sequence (An : n ∈ N) of open covers of X by elements of A, there exists a sequence (Bn : n ∈ N) such that for each n, Bn is a nite subset of An and for each x ∈ X, x ∈ St(∪Bn , An) for all but nitely many n. SSH: A space X satis es the strongly star-Hurewicz property SU * n (A, B) if for each sequence (An : n ∈ N) of open covers of X by elements of A, there exists a sequence (Fn : n ∈ N) of nite subsets of X such that for each x ∈ X, x ∈ St(Fn , An) for all but nitely many n. SSM: A space X satis es the Strongly star-Menger property SS * n (A, B) if for each sequence (An : n ∈ N) of open covers of X by elements of A, there is a sequence (Fn : n ∈ N) such that for all n ∈ N, Fn is a nite subset of X, and ∪ n∈N {St(F, An) : F ∈ Fn} is an element of B.
De nition 1.1. [6] A space X is said to be strongly star- Hurewicz (star-Hurewicz) if it satis es the selection hypothesis SSH (resp., SH). Proof. Let X be a nearly Hurewicz space. Let (Un : n ∈ N) be a sequence of covers of X by s-regular open sets. By assumption, there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a nite subset of Un and each x ∈ X, x ∈ ∪{V = int cl(V) : V ∈ Vn} for all but nitely many n. Conversely, let (Un : n ∈ N) be a sequence of open covers of X. Let (U n : n ∈ N) be a sequence de ned by U n = {Int(scl(U)) : U ∈ Un}. Then each U n is a cover of X by s-regular open sets.
By hypothesis there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a nite subset of U n and each x ∈ X, x ∈ ∪{V : V ∈ Vn} for all but nitely many n. By construction, for each n ∈ N and V ∈ Vn there exists U V ∈ Un such that V = Int(scl(U V )). Since Int(scl(U V )) ⊆ scl(U V ) = Int(cl(U V )) hence, each x ∈ X, x ∈ ∪{int cl(U V ) : V ∈ Vn} for all but nitely many n. This implies that X is a nearly Hurewicz space.
Theorem 2.10. For a topological space X the following statements are equivalent:
(1) X is nearly Hurewicz;
(2) X satis es U n (RO, RO),
where, RO denotes the collection of regular open sets.
Proof. ( ) ⇒ ( ) Let (Un : n ∈ N) be a sequence of regular open covers of X. Since X is nearly Hurewicz space there exists a sequence (Vn : n ∈ N) such that for each n, Vn is a nite subset of Un and for each x ∈ X x ∈ n∈N {Int(Cl(V) : V ∈ Un} for all but nitely many n. Since Int(Cl(V)) = V for each n and each V ∈ Vn we conclude that (2) is satis ed.
( ) ⇒ ( ) Let (Un : n ∈ N) be a sequence of open covers of X. De ne for each n ∈ N, Vn = {Int(Cl(U)) : U ∈ Un}. Then (Vn : n ∈ N) is a sequence of regular open covers of X. By (2) there is a sequence (Wn : n ∈ N) such that Wn is a nite subset of Vn for each n ∈ N, and each x ∈ X belongs to n∈N {W : W ∈ Wn} for all but nitely many n. Pick for each n and each W ∈ Wn a set U W ∈ Un with W = Int(Cl(U W )) and set
we conclude that X is nearly Hurewicz.
De nition 2.11. Let X and Y be topological spaces. A mapping
is open in X. Every continuous mapping is nearly continuous.
is nearly continuous and open mapping, then for every s-regular open
set B in Y, int cl(f − (B)) ⊆ f − (int cl(B) ). Lemma 2.13. If f : X −→ Y
is nearly continuous and open mapping, then for every open set A in Y, f int cl((A)) ⊆ int cl(f (A))
.
be a nearly continuous open mapping from a nearlry Hurewicz space X onto Y. Then Y is nearly Hurewicz.
Proof. Let (Un : n ∈ N) be a sequence of covers of Y by s-regular open sets. Let U n = {f − (U) : U ∈ Un} for each n ∈ N. Then (U n : n ∈ N) is a sequence of open covers of X. By hypothesis, there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a nite subset of U n and each x ∈ X, x ∈ ∪{int cl(V) : V ∈ Vn} for all but nitely many n. For each n ∈ N and V ∈ Vn we can choose 
is an open cover of Y. Y is nearly Hurewics so there exist a sequence (V n : n ∈ N) such that for every n ∈ N, V n is a nite subset of Vn and for each y ∈ Y , y ∈ ∪{int cl(V) : V ∈ V n } for all but nitely many n. We may assume V n = {Vn y i : i ≤ n } for each n ∈ N. For each n ∈ N, let U n = ∪ i≤n Un y i . Then U n is a nite subset of Un. Since f is nearly open. Then
Hence X is nearly Hurewicz. ∈ N) such that for each n, Gn is a nite subset of Un and each x ∈ X, x ∈ ∪{G : G ∈ Gn} for all but nitely many n. Then Wn = {f (G) : G ∈ Gn} is a nite subset of Vn for each n ∈ N and y ∈ Wn for n > no ∈ N. This means that Y is a Hurewicz space. x ∈ X} is an open cover of X. Apply the fact that X is a Hurewicz space to the sequence (Un) n∈N and nd a sequence (Fn) n∈N such that for each n, Fn is a nite subset of Un and each x ∈ X, x∈ ∪(Fn) n>no∈N . To each n and each F ∈ Fn assign a set V F ∈ Vn such that f (F) is a subset int cl(V F ) and put Wn = {V F : F ∈ Fn}.
Then
that is Y is a nearly Hurewicz space.
De nition 2.25.
An open cover U of a space X is a nearly γ−cover if it is in nite and for every x ∈ X, {U ∈ U:
x ∉ int cl(U) } is nite.
De nition 2.26.
A topological space X is a nearly γ−set if for each sequence (Un : n ∈ N) of ω−covers of X there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn ∈ Un and {Vn : n ∈ N} is a nearly γ−cover of X.
De nition 2.27. A mapping f : X −→ Y is s-θ-continuous if for each x ∈ X, and each open set V in Y containing f (x) there is an open set U containing x such that f (int cl(U) ) ⊆ int cl(V)
Theorem 2.28. Let f : X −→ Y be an s-θ-continuous surjection and let X be a nearly γ−set. Then Y is a nearly Hurewicz space.
Proof. Let (Vn : n ∈ N) be a sequence of open covers of Y and x ∈ X. For each n ∈ N there is a set Vx,n ∈ Vn containing f (x). By assumption there is an open set Ux,n in X containing x and f (int cl (Ux,n) ) is a subset of int cl(Vx,n) . For each n let Un be the set of all nite unions of sets {Ux,n : x ∈ X}. Evidently each Un is an ω − cover of X. X is a nearly γ−set so there exists a sequence (Un) n∈N such that for each n, Un ∈ Un and for each x ∈ X, the set {n ∈ N : x ∉ int cl(Un) } is nite. Let Un = Ux ,n ∪ Ux ,n ∪ ... ∪ Ux i(n) ,n . To each Ux j ,n , j ≤ i(n), assign a set Vx j ,n ∈ Vn with f (int cl(Ux j ,n) ) ⊂ int cl(Vx j ,n) . Let y = f (x) ∈ Y . Then from x ∈ int(cl(Un)) for all n≥ no for some no ∈ N, we get x ∈ int cl(Ux p ,n) for some ≤ p ≤ i(n) which implies y ∈ f (int cl(Ux p ,n) ) ⊆ int cl(Vx p ,n) . If we put Wn = {Vx j ,n : j = , , ..i(n)}, we obtain the sequence (Wn; n ∈ N) of nite subsets of Vn , n ∈ N, such that each y ∈ Y belongs to all but nitely many sets of ∪{int cl(W) : W ∈ Wn}, that is Y is a nearly Hurewicz space. Converse: We will prove that X is a nearly star-Hurewicz space. Let (Un : n ∈ N) be a sequence of open covers of X . Let (U n : n ∈ N) be a sequence de ned by U n = {int(scl(U)) : U ∈ Un}. Then each U n is a cover of X by s-regular open sets. By assumption, there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a nite subset of U n and and each x ∈ X, x ∈ ∪{int cl St(∪Vn , U n ) : n ∈ N} for all but nitely many n.
Nearly Star-Hurewicz spaces
Claim 1: (scl(U) ), Un). Now let x ∈ St(int(scl(U)), Un) then there exists V ∈ Un such that x ∈ V and V ∩ int(scl(U)) ≠ ∅. Then we have V ∩ U ≠ ∅ which implies x ∈ St(U, Un) so St (Int(scl(U) ), Un) ⊂ St(U, Un). Now for every V ∈ Vn we can choose U V ∈ Un such that V = Int(scl(Uv)), by construction. Let Wn = {U V : V ∈ Vn}. We shall prove that x ∈ ∪{int cl(St(∪Wn , Un)) : n ∈ N} for all n ≥ n . Let x ∈ X then there exists n ∈ N such that x ∈ int cl St(∪Vn , U n ) . For every neighbourhood V of X, we have V∩ St(∪Vn , U n ) ≠ ϕ. Then there exist U ∈ Un such that (V ∩ int(scl(U) ≠ ϕ) and (∪Vn ∩ Int(scl(U)) ≠ ϕ) this implies (V ∩ U ≠ ϕ) and (∪Vn ∩ U ≠ ∅). By claim 1 we have that ∪Wn ∩ U ≠ ϕ, so x ∈ int(cl (St(∪Wn , Un) )) for all but nitely many n. Proof. Let f : X → Y be nearly continuous open surjection and X is nearly star Hurewicz. Let (Un : n ∈ N) be a sequence of covers of Y by s-regular open sets. Let U n = {f − (U) : U ∈ Un} for each n ∈ N. Then (U n : n ∈ N) is a sequence of open covers of X, by hypothesis, there exists a sequence (V n : n ∈ N) such that for every n ∈ N, V n is a nite subset of U n and each x ∈ X, x ∈ ∪{int cl(St(∪V n , U n )) : n ∈ N} for all but nitely many n.
Let Vn = {U : f − (U) ∈ V n }. f − (∪Vn) = ∪V n , and let x ∈ X, then there is n ∈ N such that x ∈ int cl(St(f − (∪Vn), U n ) for all but nitely many n. (St(∪Vn , Un) ) for all but nitely many n. We will prove the last inclusion:
So, the sequence (Vn : n ∈ N) witnesses that X is a nearly star-Hurewicz. 
Since X k is nearly star-Hurewicz so we can choose a sequence (H j : j ∈ N k ) such that for each j, H j is nite subset of W j and each x ∈ X k , x ∈ ∪{int cl St(∪H j , W j ) : j ∈ N k } for all but nitely many j. For every j ∈ N k and every H ∈ H j
We As Vn is point-nite open re nement and each Fn is nite, elements of each Fn belongs to nitely many members of Vn say V n , V n , V n , ...V nk . Let V n = {V n , V n , V n , ..., V nk }. Then int cl St(Fn , Vn) = ∪V n for each n ∈ N so we have that each x belongs to X belongs to ∪V n for all but nitely many n. For every V ∈ V n choose U V ∈ Un such that V ⊂ U V then for every n, Wn = {U V : V ∈ V n } is a nite subfamily of Un and each x belongs to X belongs to ∪Wn for all but nitely many n, that is X is a Hurewicz space. Proof. Let f : X → Y be a continuous mapping from a nearly strongly star-Hurewicz space X onto a space Y. Let (Un : n ∈ N) be a sequence of open covers of Y. For each n ∈ N, let Vn = {f − (U) :U ∈ Un}. Then (Vn : n ∈ N) is a sequence of open covers of X. Since X is nearly strongly star-Hurewicz space, there exists a sequence (An : n ∈ N) of nite subsets of X such that for each x ∈ X, x ∈ ∪int cl(St(An , Un)) for all but nitely many n. Thus (f (An) : n ∈ N) is a sequence of nite subsets of Y such that for each y ∈ Y, y ∈ int cl(St(f (An), Un)) for all but nitely many n. In fact, let y ∈ Y. Then there is x ∈ X such that f (x) = y. Hence x ∈ ∪int cl(St(An , Vn)) for all but nitely many n, which shows that Y is nearly strongly star-Hurewicz space. Since X k is nearly strongly star-Hurewicz space so we can choose a sequence (V j : j ∈ N k ) such that for each j, V j is nite subset of X and each x ∈ X k , x ∈ ∪{int cl St(V , W j ) : V ∈ V j } for all but nitely many j. For every j ∈ N k consider A j a nite suset of X such that V j ⊂ A k t . We show that {int cl St(An , Un) : n ∈ N} is an ω−cover of X. Let F = {x , ..., xp} be a nite subset of X. Then (x , ..., xp) ∈ X p so that there is an n ∈ Np such that (x , ..., xp) ∈ int cl St(Vn , Wn) ⊂ int cl St(A p n , Wn) that is, F ⊂ int cl St(An , Un) .
